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Abstract: In this study, we defined the concept of quasi e*-8-closed sets by means of e*-#-open sets.
Depending on this concept, we introduced approximately e*f-open functions and investigated some of its
basic properties. Also, we defined and studied contra pre e*8-open functions, which are stronger than the

approximately e*8-open functions. Moreover, we characterized the class of e*G—T% spaces.
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1. Introduction

In 2015, Farhan and Yang [10] introduced a new class of open sets called e*-f-open. In the
following years, some concepts of open functions in relation to e*-f-open sets [10] have been
investigated. The notion of e*f-open functions is introduced by Ayhan [3] as follows: A function
f:X =Y is said to be e*f-open if the image of each open set U of X is e*-f-open in Y. In
2018, Ayhan and Ozkog [6] defined a new type of open functions called e*f-semiopen functions.
Again within the same year, Ayhan and Ozkog [5] defined and studied pre e*#-open functions. In
2022, Ayhan [4] introduced and investigated weakly e*#-open functions and also obtained some

characterizations of its.

Rajesh and Salleh [14] gave the definition of quasi-b-8-closed sets via b-8-open sets [13]
in their work titled “Some more results on b-f-open sets”. Caldas and Jafari [7] introduced and
studied gB6-closed sets through -0-openness [12], in 2015.

In this paper, we introduce quasi e*-f-closed sets [1] defined with the help of e*-8-open
sets. Moreover, we define and study approximately e*f-open functions and contra pre e*f-open

functions such that these are weaker than e*#-open functions.
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2. Preliminaries

Throughout this paper, X and Y represent topological spaces. For a subset A of a space X,
cl(A) and int(A) denote the closure of A and the interior of A, respectively. A point 7 € X is
called to be d-cluster point [16] of A if int(cl(U)) n A # @ for every open neighborhood U of z.
The set of all d-cluster points of A is called the d-closure [16] of A and is denoted hy cls(A). If
A=cls(A), then A is called d-closed [16] and the complement of a d-closed set is called d-open
[16]. The set {x|(3U € O(X,z))(int(cl(U)) c A)} is called the §-interior of A and is denoted by
ints(A).

A subset A is called e*-open (9] A c cl(int(cls(A))). The complement of an e*-open set
is called e*-closed [9]. The intersection of all e*-closed sets of X containing A is called the e*-
closure [9] of A and is denoted by e*-cl(A). The union of all e*-open sets of X containing in A
is called the e*-interior [9] of A and is denoted by e*-int(A). A subset A is said to be e*-regular
[10] set if it is e*-open and e -closed.

A point x of X is called an e*-f-cluster point of A if e*-cl(U)n A+ @ for every e*-open
set U containing . The set of all e*-#-cluster points of A is called the e*-8-closure [10] of A and
is denoted by e*-cly(A). A subset A is said to be e*-f-closed if A=¢*-cly(A). The complement
of an e*-f-closed set is called an e*-8-open [10] set. A point x of X said to be an ¢*-8-interior
point [10] of a subset A, denoted by e*-inty(A), if there exists an e*-open set U of X containing
x such that e*-cl(U) ¢ A. Also it is noted in [10] that

e"-regular = ¢*-f-open = ¢*-open.

The family of all open (resp. closed, e*-8-open, e*-0-closed, e*-open, e*-closed, e* -regular) sub-
sets of X is denoted by O(X) (resp. C(X), e'00(X), ¢'0C(X), ¢'O(X), ¢*'C(X), ¢'R(X)).
The family of all open (resp. closed, e*-0-open, e¢*-0-closed, e*-open, e*-closed, e*-regular) sets
of X containing a point z of X is denoted by O(X,z) (resp. C(X, ), e*80(X, ), e*8C(X,x),
¢'O(X,r), e*C(X,z), ¢'R(X,x)).

We shall use the well known accepted language almost in the whole of the proofs of the

theorems in this article.

Lemma 2.1 [10, 11] Let X be a topological space and A,B € X. Then the following properties
are hold:

(i) Ace*-cl(A) ce*-clg(A).

(i) If Aee*00(X), then e*-clg(A) =e* -cl(A).

(iii) If Ac B, then €* -clg(A) c e* -clp(B).

(iv) e* -clg(A) € €*0C(X) and e* -clp(e* -clg(A)) = e* -clg(A)
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(v) If Ag € c*00(X) for cach a €A, then U{Aala € A} € c*00(X).

(vi) e*clg(A) = N{F|(Ac F)(F e e*0C(X))}.

(vii) * -clg(X\A) = X\e* -into(A).

(viii) A is ¢*-0-open in X iff for each x € A, there evists U € eR(X, ) such that Uc A.

Definition 2.2 A function f: X - Y is called e* -irresolute [8] if ['[A] is ¢* -8-open in X for

every e -0 -open set A of Y.

3. Quasi e*-fA-closed Sets

Definition 3.1 A subset A of a space X is called quasi * -0-closed [9] (briefly, qe*0-closed) if
e*-clg(A) cU whenever AcU and U is ¢*-0-open in X . A subset A of a space X is said to be
quasi e* -0-open (briefly, ge*0-open) if X\A is ge*0-closed. The family of all ge*B-closed (resp.
gc*B-open) subsets of X is denoted by qe*0C(X) (resp. qe*00(X)).

Theorem 3.2 Every e*-0-closed set is ge*0 -closed.

Proof Let Aee*0C(X), Uee*0O(X) and AcU.

Aec*0C(X)

(U € *00(X))(A <) }ﬂe*—cfa(A) - AcU.

Remark 3.3 This implication is not reversible as shown in the following example.

Example 3.4 Let X = {1,2,3}, define a topology 7 = {@,X,{1},{2},{1,2}} on X. It is not
difficult to see e*0C(X) =25\{{3}} and the subset {1,2} is ge*f-closed but it is not ¢* -0-closed

(cf. Example 1 in [10]).

Lemma 3.5 A subset A of a topological space X is ge*0-open if and only if F € e*-intg(A)
whenever F' is €* -0 -closed in X and F € A.

Proof Necessity. Let Fc A, Fee*0C(X) and A€ qe*00(X).

A2 Fee*fC(X) = \Ac\Fee*00(X)
Acge*O(X) = \A € ge*0C(X)

= \e*-intg(A) = e*-clp(\A) c\F

= F ce*intg(A).
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Sufficiency. Let \F € ¢*00(X) and \Ac\F.

(\Fee'0O(X))\Ac\F)= (Fee'0C(X))(FcA) }
Hypothesis

= F cet-intg(A)

= e*-cp(\A) =\e*-intg(A) c\F

Then, \A € ge*@C(X) and hence A € qe*00(X). i

Definition 3.6 A function f: X =Y is said to be approzimately €6 -open (briefly, ap-e*6-open)
if e*-cly(B) € f[A] whenever Ace*80(X), Beqe*8C(Y) and B < f[A].

Definition 3.7 A function f: X =Y is said to be:
(1) e*@-closed [3] (resp. pre e*@-closed [5]), if the image of each closed (resp. e*-0-closed) set
I of X is e*-0-closed in Y .

(2) e*@-open [3] (resp. pre e*@-open [5]), if the image of each open (resp. ¢*-0-open) set U of

X ise*-O-openin Y.

Theorem 3.8 Let f: X =Y be a function. If f[A] is e*-0-closed in Y for every A € e*00(X),

then f is ap-e*6-open.

Proof Let Bc f[A], where A€e*f0(X) and B e ge*0C(Y).

(4€€00(X))(B e qe"0C(Y))(B < f[4]) } L o (B) e e elo 1 A]) = f1A]

Hypothesis
= f[A] ee*6C(Y).
O
Theorem 3.9 FEvery pre e*0-open function is ap-e*0-open.
Proof Let Bc f][A], where Aee*00(X) and Bege*0C(Y).
Aee’0O(X))(Beqe0C(Y))(Bc fl[A . .
(Aee'00(X))(B eqe f(is)pzr(c e*gfgpgz }:(f[A]ee B0(Y))(B € ge*0C(Y))(B < f[A])
= e*-clg(B) c f[A]. o

Remark 3.10 This implication is not reversible as shown in the following example.

Example 3.11 Let X = {a,b,c} and 7 ={@, X, {a}, {b},{a.b}}. Define the function f:(X,7)—

(X,7) by f={(a,a),(b,b),(e,b)}. It isn’t difficult to see e*0O0(X) =25\{{a,b}}, ge*0C(X) = 2%
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and hence [ is ap-¢*0-open. However {a,c} is ¢*-0-open in X, but f[{a,c}] = {a,b} is not
e* -0-open in X . Therefore, f is not pre e*6-open.

Theorem 3.12 Let f: X =Y be a function. If the €* -0 -open and e* -0 -closed sets of Y coincide,
then f is ap-e*@-open if and only if f[W]ee*0C(Y) for every e* -0-open subset W of X .

Proof Necessity. Let A be an arbitrary subset of ¥ such that Ac U, where U € ¢*80(Y) and
let Wee'dO(X).

(AcU)(U e e*00(Y))

e*00(Y) = *6C(Y) } = e*-clp(A)  e"cly(U) =U

Therefore all subset of Y are ge*f-closed and hence all are ge*6-open.

(W ee"00(X))(Y 2 f[W] e qe™00(Y ) (f[W] < f[W])

[ is ap-e*f-open } = e -clp(f[W]) € F[W]

= [[W]ee*0C(Y).

Sufficiency. It is obvious from Theorem 3.8. m|

Corollary 3.13 Let f: X —» Y be a function. If the e¢*-0-open and e* -0-closed sets of Y

coincide, then [ is ap-e*8-open if and only if [ is pre ¢*0-open.

Definition 3.14 A function [ : X — Y is said to be contra pre ¢*@-open (resp. contra pre
€' -closed) if the image of each €* -0 -open (resp. €' -0-closed) set U of X is e* -0-closed (resp.
¢*-8-open) in Y.

Theorem 3.15 Ewvery contra pre e*@-open function is ap-e*@-open.

Proof Let Bc f[A], where A€e*00(X) and B e ge*0C(Y).

(A€e*00(X))(B e qe*0C(Y))(B < f[A])

f is contra pre e*f-open

} = ¢*~cly(B) < *~clo(f[A]) = [[A].

Remark 3.16 This implication is not reversible as shown in the following example.

Example 3.17 Consider the same topology in Erample 3.11. Define the identity function f :
(X,7) = (X,7). Then, f is ap-e*@-open. However {c} is e*-0-open in X, but f[{c}] ={c} is

not €* -0 -closed in X . Therefore, [ is nol contra pre e*8-open.
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Remark 3.18 The following examples show that contra pre ¢*8-openness and pre ¢*0-openness

are independent notions.

Example 3.19 Define the same function on the topology in Erample 3.11. Since the image of
every e¢* -0 -open set of X is e* -0-closed in X, then f is contra pre ¢*8-open. However, [ is not

pre e*f-open.

Example 3.20 Consider the same topology in Ezample 3.11. Define the identity function [ :
(X,7) = (X,7). Since the image of every ¢* -6 -open set of X is ¢*-0-open in X, then f is pre
e*f-open. However {c} is €* -0-open in X, but f[{c}] = {c} is not e*-0-closed in X. Therefore,

f is not contra pre e*f)-open.

Remark 3.21 From Definitions 3.6, 3.7, 3.1/, we have the relation among ap-¢*# -open functions,
contra pre €*f-open functions and other well-known functions in topological spaces. The converses

of the below implications are not true in general, as shown in the previous ezamples.

pre e*f-open function
X N
e*f-open function % ap-e¢*0-open function
RS A X
contra pre ¢*@-open function

Theorem 3.22 If f: X > Y is ¢* -irresolute and ap-e¢*@-open surjection, then f7[B] is ge*6-

open in X whenever B is qe*#-open subset of Y .

Proof Let Beqe*0O(Y). Suppose that A c f71[B], where A ee*0C(X).

(Aee*8C(X) = \Aec*00(X))(B € qe*00(Y) = \B € ¢e*0C(Y))

Ac (Bl = [\Ble\A= 1 0\BY T S5 \B <
f is ap-e*0-open

= \e*-inty(B) = e'-clp(\B) < f[\4]

= \f[e*-inte(B)] c\A= A c f[e*-intp(B)]

[ is e*-irresolute

} = f[e*inty(B)] e e*00(X)

= Ac fe*into(B)] = ¢*~intg(f[e*~ints(B)]) € e*~into(f'[B]).

This implies that by Lemma 3.5, f~'[B] is ge*f-open in X . a

Definition 3.23 A function f: X - Y is called quasi e*@-irresolute (briefly, ge*8-irresolute) if

FYA] is ge*O-closed in X for every qe*6-closed set A of Y.
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Theorem 3.24 Let f: X >Y, g:Y - Z be two functions such that go [ : X - Z. Then:
(i) go f is ap-e*8-open if f is pre e¢*0-open and g is ap-€*0-open.

(ii) geof is ap-e*O-open if f is ap-e*@-open and g is bijective pre e*0-closed and qe* 0 -irresolute.

Proof (i): Let Aee*0O(X) and B e qe*0C(7), where B c (gof)[A].

f is pre e*f-open

(Aee@0(X)) (B eqge*dC(Z2))(B < (gof)[A] = g[S[A]]) } — fEA] € B:go(y) }
g 1s ap-e¢*f-open

= e*~clo(B) c g[ f[A]] = (9o /)[A].

This implies that go f is ap-e*6-open.
(ii) : Let Aee*00(X) and B eqe*8C(Z), where B < (gof)[A].

(A €e™00(X))(B € qe0C(Z))(B < (gof)[A] = g[f[A]]) }

g is ge*f-irresolute

S (A€ ct00(X)) (g~ [B] € ae*0C()) (' [B] € o [olF[AN] &= P ppap) }
[ is ap-e*6-open

= ¢*~clo(g7'[B]) < f[A] }

g is pre e*f-closed

= ¢*-clg(B) € e*-clo(glg " [BI]) € gle*-clo(g 7' [B])] € g[S A]] = (gof)[A].

This implies that go f is ap-e*#-open. |

Theorem 3.25 Let f: X =Y, g: Y — 7 be two functions such that go f: X — Z. Then:
(i) go f is contra pre e*@-open if f is pre €'0-open and g is contra pre €*f-apen.

(ii) go f is contra pre ¢*@-open if f is contra pre €*6-open and g is pre e*0-closed.

Proof (i): Let Uee*fO(X).

= f[U]ee*80(Y)

g is contra pre e*f-open

Uee*80(X) }

f is pre e*f-open

} e g[F U] = (gof)[U] € €*00(Z).

This implies that go f is contra pre e*f-open.

(ii) : Let U € e*00(X).

= f[U]ee’0C(Y)

f is contra pre e*f-open g is pre e*f-closed

Uee*00(X) }
} = gLf[U]] = (90 f)[U] € 0C(Z).

This implies that go f is contra pre e*f-open. O
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Theorem 3.26 Let f: X >Y, g:Y = Z be two functions such that go f: X — Z is conlra pre
c¢*#-open. Then:
(i) If f is an € -irresolute surjection, then g is contra pre e*8 -open.

(ii) If g is an e -irresolute injection, then f is contra pre e*0-open.

Proof (i): Let Uee*dO(Y).

f is e*-irresolute

Uee*00(Y) } FYU] € *00(X) }

go f is contra pre e*f-open
= (gof)LF V1) = oL 0N T B2 gu) e o0 (2).

This implies that ¢ is contra pre e*f#-open.

(ii) : Let U € e*00(X).

U e*00(X) }

- *
go f is contra pre e*f-open . .
g is e*-irresolute

= (gof)[U] = g[J[U]] e e"0C(Z) }

g is inj.

=g ' [gl /U] JIU] ee0C(Y).

This implies that f is contra pre e*f-open. |

Definition 3.27 Let X and Y be two topological spaces. A function f: X - Y has an e*0-closed
graph if its G(f) = {(x, f(x))|xr € X} is €* -0-closed in the product space X xY .

Definition 3.28 The product space X = Xy x...xX,, has property Pe<g [5]if A; is an " -0 -open
set in a topological spaces X; for 1=1,2,...,n, then Ay x...x Ay is also ¢* -0-open in the product

space X = Xqx...xX,.

Theorem 3.29 If f: X =Y is a contra pre e*-open function with €*0-closed fibers which has

the property Pe<p, then f has an e*f)-closed graph.

Proof Let (z,y) ¢ G(f)-

6= () X NG 2 2 V) |
F{y}] is e*f-closed

= (3B e’ 00(X, x))(E c\f ' [{y}])

f is contra pre e*f-open

}:,, A=\f[E]ee*0O(Y,y)

= (r,y) e Ex Ac X xY\G(f)

X x Y has the property P« } = ExAec’00(X xY)
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= X x Y\G(f) € e*00(X xY)
= G(f) €e0C(X x ).

4. Characterizations of e*B-TlZ Spaces

Definition 4.1 A topological space X is said to be C*Q—T% [1] if every qe*@-closed set is ¢*6-

closed.

Lemma 4.2 Let X be a topological space and Ac X. If A€ qe*0C(X), then F ¢ ¢*-cly(A)\A
where @+ F e e*0C(X).

Proof Let Aege*8C(X). Suppose that F ce*-clp(A)\A, where @ # Fee*0C(X).

(2% F e e*0C(X))(F ce*clg(ANA) = (\F € *00(X)) (A c\F) }
Aeqe*0C(X)

= e*-clg(A) c\F = F c\e*-clg(A)

Fcetclg(ANA = F c e*-clp( A) } = Fc(\e"-clg(A)) ne'-clo(A) = F = &.

This is a contradiction and hence e*-clp(A)\A does not contain any non-empty ¢*-8-closed set.

O

Theorem 4.3 For a topological space X | the following statements are equivalent:

(i) X is 0Ty,

(ii) For each x€ X, {z} is e*-0-closed or e* -0-open.
Proof (i) = (ii): Suppose that for any = € X, {x} ¢ e*0C(X).
{z} ¢e*0C(X) = X\{z} ee*00(X) . )
X\{r} e X ecr00(x) [ = ¢ cX\=heX

= X\{z} € qe*0C(X)

Xis c*0-Ty } = X\{z} e e"0C(X).

Thus X\{z} € e*0C(X) or equivalently {z}ee*00(X).
(ii) = (i) : Let Aege*8C(X) and x € e*-clp(A).
Case I If {x} ee*0C(X):

Lemma 4.2

Aeqge8C(X) =  ({z}ee8C(X))({x} € e*-clg(AN\A) = x e A

Case IL If {z} e *00(X):
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{z}ee*-clp(A) = ({z} e0O(X,x))({z}nAz@) = xec A

As can be seen, in both cases x € A. Thus e*-clp(A) € A. Since there is always A ce*-clp(A), A

is e*-#-closed. O

Theorem 4.4 For a topological space Y , the following statements are equivalent:
(i) Y is e*H—T% s

(ii) For every space X, every map f: X =Y is ap-e*0-open.

Proof (i) = (ii): Let Bege*0C(Y) and let B c f[A], where A€e’00(X).

(Aecr0O(X))(B e qe'”“"”;?;fgﬁlj } = (A€ c*80(X))(B e *0C(Y))(B < f[A])

= " clg(B) = B < f[A]

Then, f is ap-e*f-open.
(ii) = (i) : Let Bege*8C(Y). Suppose that B c f[B], where B ee*00(X).

(B eqe*0C(Y)) (B ee*00(X))(B < f[B])

f is ap-e*f-open } = c’-clo(B) € [[B] =B = B ec’0C(Y).

Then, Y is C*H—Til. |

Theorem 4.5 [2] For a topological space X, the following statements are equivalent:
(i) X is e'@—T%,

(i1) X is e*8-Ty.

5. Conclusion

Various forms of closed sets have been worked on by many topologist in recent years. This paper
is concerned with the concept of quasi ¢*-8-closed sets and which are defined by utilizing the
notion of e*-0-open set. Also, we defined approximately ¢*#-open functions via quasi e* -8-closed
sets and e*f-open sets. We demonstrated that newly defined these functions are weaker than
¢*f-open functions, pre e*@-open functions and contra pre e*@-open functions (cf. Remark 3.21).

We believe that this study will help researchers to support further studies on continuous functions.
Declaration of Ethical Standards

The author declares that the materials and methods used in her study do not require ethical

committee and/or legal special permission.

81



Burcu Siinbiil Ayhan / FCMS

Conflicts of Interest

The author declares no conflict of interest.

(10]

1]

12]

(13]
14]

[15]

(16]

82

References
Akalin D., Some Results on e-6-Open and e*-6-Open Sets, M. Se. Thesis, Mugla Sitki Kogman
University, Mugla, Tiirkiye, 2023.
Akalim D., Ozkog M., On €* -8-D-sels and related topics, arXiv:2403.01604 [math.GN], 2024.
Ayhan B.S., On e*0-regular and €@ -normal spaces, arXiv:2407.07927 [math.GM], 2024.

Ayhan B.S., On weakly €*@-open funclions and lheir characlerizalions, Turkish Journal of Mathe-
matics and Computer Science, 14(1), 56-65, 2022.

Ayhan B.S., Ozkog M., On almost conlra e*-conlinuous functions, Jordan Journal of Mathematics
and Statistics, 11(4), 383-408, 2018.

Ayhan B.S., Ozkog M., On contra e*8-conlinuous funclions, Divulgaciones Matematieds, 19(2), 1-13,
2018.

Caldas M., Jafari S., On some maps concerning gp -open sets, Proyecciones: Journal of Mathematics,
34(1), 15-24, 2015.

Ekici E., New forms of contra conlinuily, Carpathian Journal of Mathematics, 24(1), 37-45, 2008.
Ekici E., On e -open sets and (D, S)" -sets, Mathematica Moravica, 13(1), 29-36, 2009.

Farhan A.M., Yang X.S., New lypes of strongly conlinuous funclions in lopological spaces via § - 3 -open
sets, BEuropean Journal of Pure and Applied Mathematics, 8(2), 185-200, 2015.

Jumaili AM.F.A., Abed M.M., Sharqi F.G.A., Other new types of mappings with strongly closed
graphs in lopological spaces via e-8 and §-3 -6 -open sets, The 1st International Scientific Conference
on Pure Science, 1-10, 2019.

Noiri T., Weak and strong forms of 3 -irresolute functions, Acta Mathematica Hungarica, 99, 315-328,
2003.

Park J.H., Strongly @-b-continuous functions, Acta Mathematica Hungarica, 110(4), 347-359, 2006.
Rajesh N., Salleh Z., Some more results on b-8-open sets, Buletinul Academiei de Stiinte a Republicii
Moldova Matematica, 3(61), 70-80, 2009.

Stone M.H., Applications of the theory of Boolean rings to general lopology, Transactions of the
American Mathematical Society, 41, 375-381, 1937.

Velicko N.V., H -closed topological spaces, American Mathematical Society Translations, 78(2), 103-
118, 1968.



