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We explore the weak field and slow motion limits, Newtonian and Post-Newtonian limits, of the
energy-momentum powered gravity (EMPG), viz., the energy-momentum squared gravity (EMSG) of
the form f(T,,T"") = «(T,,T*")" with o and 5 being constants. We have shown that EMPG with
n > 0 and general relativity (GR) are not distinguishable by local tests, say, the Solar System tests;
as they lead to the same gravitational potential form, PPN parameters, and geodesics for the test
particles. However, within the EMPG framework, M., the mass of an astrophysical object inferred
from astronomical observations such as planetary orbits and deflection of light, corresponds to the
effective mass Mefr(r, 7, M) = M + Mempg(ct, n, M), M being the actual physical mass and Meppg being
the modification due to EMPG. Accordingly, while in GR we simply have the relation M, = M, in
EMPG we have M,y = M + Mempg. Within the framework of EMPG, if there is information about
the values of {«, n} pair or M from other independent phenomena (from cosmological observations,
structure of the astrophysical object, etc.), then in principle it is possible to infer not only M,y alone
from astronomical observations, but M and Memp Separately. For a proper analysis within EMPG
framework, it is necessary to describe the slow motion condition (also related to the Newtonian limit
approximation) by |pesr/ peff] << 1 (Where peff = P + Pempg and pesr = p + Pempg ), Whereas this condition
leads to |p/p| < 1in GR.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction significance with newly acquired data, with increasing precision
and variety of cosmological observations [8-14]. These tensions
likely point to the need for new physics, either on the side of the
contents of the universe, or on the side of gravitation, i.e., how
the contents influence the geometry of the spacetime. This latter
option would lead to alternative/modified gravity theories as

replacement of GR [15-20].

As is well known, the current standard, or “concordance”
model of cosmology is the ACDM model. In this model, the
structure and dynamics of the universe is governed by general
relativity (GR) with the addition of the cosmological constant A,
where the latter is used to explain the late-time acceleration of

the universe discovered around the turn of the millennium [1-7];
and the cold dark matter (CDM) component, originally postulated
to explain the unexpected large velocities of the galaxies within
the Coma cluster, plays also a role in the early evolution of the
universe, and structure formation. The ACDM model, which for
many years has been considered quite successful in explaining a
wide range of astrophysical and cosmological observations, has
recently begun to suffer from tensions of various degrees of
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However, precise Solar System observations are totally com-
patible with GR so far. In fact, the vast majority of the phenomena
can be explained, albeit with limited accuracy, even by New-
ton’s theory of gravity. Adopting an alternative theory should
not undermine these achievements; yet most of them do. For
example, in possibly the simplest extension, the Brans-Dicke
theory, the model parameter was constrained as w > 40000
at the 20 confidence level from telemetry observations of the
Cassini spacecraft [21], whereas the initial formulation of the
theory had anticipated w ~ O(1) (w —> oo is the GR limit). In
the most common generalization of GR, f(R) theories, the scalar
curvature R satisfies a second order differential equation which
induces non-Newtonian, Yukawa-type exponential potentials in
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the linearized level [22]." For instance, a particular choice, f(R) =
R — /R was ruled out by data from Solar System tests. It has
also been shown that f(R) gravity is strongly constrained by local
observations [24-26] in the laboratory and solar scales and can
only evade these tight gravitational tests through some screening
mechanisms [27-29].

In the settings close to the Newtonian limit, the parametrized
post-Newtonian (PPN) formalism describes the metric of any
gravitational theory with standard potentials and ten parameters
(only y = B 1 being nonzero in GR) whose values can
characterize the theory under consideration. The compatibility of
the Solar System observations referred to in the last paragraph is
reflected in the calculated parameters y and 8 being very close to
1 and others very close to zero. For the current limits on all PPN
parameters, we refer the reader to Table 4 in [30]. The strongest
bound for y (which controls the deflection of light) is determined
by the Shapiro time delay measurement of the Cassini-Huygens
tracking experiment, giving y = 14 (2.1 £2.3) x 107> [21,31].
Adopting the Cassini bound on y, the latest constraints on
(which controls the perihelion precession of Mercury) are § =
1+(—4.1£7.8)x 107> from helioseismology data [32,33] and 8 =
14(1.241.1)x 10~ from the lunar laser ranging experiment [34,
35]. Obviously, any theory of gravitation should also satisfy these
bounds on the values of PPN parameters to be considered viable,
regardless of how well it explains cosmological observations. In
fact, there is at least one well-known modified theory of gravity
that alters cosmological dynamics while leaving the predictions
at solar scales unchanged compared to those of GR; namely the
teleparallel equivalent of general relativity (TEGR), which gives
y = B = 1 as in GR [36]; however, the concept of mass for the
central object seems ambiguous in this theory [23,37].

In the current paper, we will examine a specific version of
energy-momentum squared gravity (EMSG) [38-40], known as
energy-momentum powered gravity (EMPG) [39,40], to show
that it leaves the PPN parameters as in GR and to clarify the
mathematics and interpretation of weak field and slow motion
limits within the framework of EMSG—a framework closely re-
lated to modified gravity theories such as R +f(£Ln) [41] and R+
f(T) [42], as all which are identical in that the source is minimally
coupled to the curvature. The EMSG theory [38-40], generalizes
the matter sector of GR with the arbitrary function of the Lorentz
scalar T,,T"", viz., f(T,,T*") included in the usual Einstein-
Hilbert action—here, T, is the energy-momentum tensor (EMT),
T above is its trace, Ly, is the matter Lagrangian density and the
“squared” terminology arises from the self contraction of EMT.
The EMSG theory has been studied so far mainly in cosmological
and partially in astrophysical contexts [38-40,43-64].

Some interesting features of the EMSG theory studied in the
framework of various models are the nonconservation of EMT
[39,40]; the possibility of driving late time acceleration from the
usual cosmological sources without a cosmological constant A
[39]; the screening of A in the past by the new contributions
of dust in the Friedmann equation [47]; the effective source
that yields constant inertial mass density arises in the energy-
momentum log gravity (EMLG) [47]; the screening of the shear
scalar (viz., the contribution of the expansion anisotropy to the
average expansion rate of the universe) via the new contribution
of dust in the Friedmann equation in quadratic EMSG [56]—
this model can lead to exactly the same Friedmann equation of
the standard ACDM model even with anisotropic expansion; the
altered past or far future of the Universe [43,44,62]; etc. The
particular model of EMSG we consider in this work is the EMPG
[39,40], a specific model of EMSG with the choice of f(T,,T*") =

1 The Schwarzchild metric is not the unique vacuum solution in this case,
since Birkoff's theorem does not hold (see [23] for details).
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a(T,, T*")" where « is the coupling parameter and 7 is a constant
(it controls whether the EMPG modification will be more effective
at large energy density scales/in the early universe or low energy
density scales/in the late universe); and we will study EMPG in
the weak field, slow motion (Newtonian and post-Newtonian)
limit. Using the effective EMT interpretation, we show that there
is a direct analogy between the effective matter variables of
EMSG and the standard matter variables of GR which provides
us with the most general slow-motion condition of the model.
We illustrate that the Poisson’s equation remains the same as in
GR, except that the standard energy density p is replaced by the
effective energy density pes. Recall that in astronomy we do not
usually measure/observe the mass of an astronomical object di-
rectly, but actually find it by Keplerian methods, namely, inferring
from nearby orbits, e.g., from the measurements/observations of
the planet’s/satellite’s orbital semi-major axis and period revolv-
ing about it. As there is no modification in the curvature sector of
the theory, viz. spacetime is still governed by GR, albeit, with the
effective EMT, that EMT can be solely inferred via astronomical
methods. Hence, the mass (energy) density that we infer with
such methods is the effective mass (energy) density, i.e., the con-
ventional Newtonian potential is determined by M. instead of M.
An important corollary is that one component of the Newtonian
limit approximation, the slow motion condition, |p/p| < 1, will
have to be replaced by |pess/ peft] < 1 if one analyses astrophysical
objects. Note that the former may not necessarily be satisfied in
cases where the latter is.

The paper is structured as follows: In Section 2, we present
the detailed framework of EMPG; in Section 3, we derive the
equations of motion (EoM) in the linearized theory of EMPG, dis-
cuss the slow motion condition, Newtonian and post-Newtonian
limits of the model; in Section 4, we confirm our results from
the Schwarzschild exterior solution; in Section 5, we presented
an assessment on constraining « and n from the slow motion
condition; and in Section 6, we draw final conclusions from our
results.

2. Energy-momentum powered gravity
The action for EMSG is
/d“xa/ [ R+ f(T0T") + Lim ] (1)

where ¥k = 877G (G is Newton’s constant), g is the determinant of
the metric tensor g,,, R is its Ricci scalar, £y, is the Lagrangian
density describing the matter source and T, is its EMT; and f is
an arbitrary function of the Lorentz scalar T,, T*" [38-40]. Here
and throughout the paper, we work in units such that the speed
of light, ¢, equals unity. The variation of this action with respect
to the inverse metric g"” is

1 6(/—8R 8(/—¢gL
55:/(‘]4)( s ( g )+ ( 8Lm)
2k g™ sghy

8 —
(T, ((;g/f)

of  S(T,T")
“g | sgh”,
T AT ag VB8

and, as usual, the definition of the standard EMT in terms of the
matter Lagrangian density £, reads

2 (J/—gLm) _ Sl — 2 9Lm
Vg g S Tagn
for which we suppose £, depends only on the metric tensor

components, and not on its derivatives; because the matter fields
usually couple only to the metric and not to its derivatives—this

(2)

T = — 3)
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is the case for the Maxwell field and gauge fields in general, as

well as for scalar fields.
Hence, the field equations—or EoM—for EMSG are

of
G}!.U =K <T/J,u +fgl‘—” — 2@0,,») . (4)

where G, = Ry, — %ng is the Einstein tensor,

1
Oy = —2Ly (T;w - EgMUT> L m

5

s g€ azﬁm ( )
+2T0T,; — 477 —
dghvogoe

which is a new tensor defined as 6, = §(T,.T°¢)/5g"", and

T = g, T"" is the trace of the EMT.

We proceed with a particular form of EMSG, the powered form
of the Lorentz scalar T,,T*" in the action (1), known as EMPG,
described by

f(T/wTMU) = O‘(Tulew )777 (6)

where 7 is the dimensionless constant parameter that determines
the power of the energy-momentum squared term and « is
the constant parameter that measures the gravitational coupling
strength of the EMPG modification to GR (note that «'s dimen-
sion depends on 1) [39,40]. Accordingly, from Egs. (4), the field
equations for EMPG are

o 9 v
G/w =K |:T;w + a(TrreT E)" <g/w - 277TA§I;-)‘S >:| , (7)

in which the new terms arising from the EMPG modification,

0
empg _ o _ nv
TMU = a(TUET e)r; (guv ZnT;LgT)“E)’ (8)
vanish in the ¢ — 0 limit in an obvious way, independent of
n. We call all the matter-related terms on the right-hand side of
Eq. (7) effective EMT, T¢I, It follows that

ff _
T = T, + TSP, 9)

and, as the G, is fully determined by this term, according to the
EoM (7) and definitions (8) and (9)

Guy = 87G TS (10)

This means that the spacetime geometry side of the field equa-
tions is described exactly as in GR, while the material side is
described by the effective EMT composed of the standard and
EMPG modification parts. From here on, we will call the EMT
defined by Eq. (3) the GR-standard EMT. As the modifications ap-
pear only in the material side of the field equations in contrast to
the case with f(R) and Brans-Dicke type theories, it is sufficient
to determine the components of the effective EMT in our model,
more generally in any particular model of EMSG.

The twice-contracted Bianchi identity, V#G,, = 0, implies
from Eq. (10) that the divergence of the effective EMT always
vanishes;

VAT = 0. (11)

Note however from Eq. (9) that the covariant derivatives of T,
and TZ¢ do not necessarily vanish, namely, the matter EMT
is not necessarily conserved (V#T,, = 0) in EMPG. As matter
source, let us take the usual perfect fluid, which is often used in
settings ranging from compact objects to cosmology;

Tp,u = (/) +p)ultuv +pg;wv (]2)

where p > 0 and p are, respectively, the fluid’s energy density
and thermodynamic pressure measured by an observer moving
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with the fluid, u* = % is the fluid’s four-velocity satisfying the
condition u, u* = —1. Here t is the proper time along the world
lines, t = x¥ is the coordinate time, and x* = x*(t) are the local
spacetime coordinates with u© =0, 1, 2, 3.

As the definition of the matter Lagrangian density that gives
rise to the EMT of a perfect fluid is not unique, one could choose
either £, = p or £, = —p, which results in the same EMT, viz.,
the TH¥ that describes perfect fluid matter distributions as given
in Eq. (12). In this study, following the literature to date on EMSG
and on similar theories (see [42,65-67]), we consider £, = p.
Hence, the Lorentz scalar T,.T°¢ and the tensor 6,, read

T, T°¢ = p? + 3p?, (13)
0;1_1) =—(p+p)lpo+ 3p)uuuv- (14)

Substituting Eq. (12) along with Eqgs. (13) and (14) into the
effective EMT defined in Eq. (9), we obtain

TS =(p + p)utty + Pgyur
4pp (15)
2 2
o 01 52 Yo |

It can be seen that the terms in the above equation are multiplied
by either u,u, or g,, which makes it possible to write it in the
standard perfect fluid EMT form

T,ifvf = (0eff + Deff)Uy Uy + Defi&pv- (16)
where pefr and pegr are, respectively, the effective energy density
and effective pressure identified as

4pp

2 2

=p— +3p2) 1 —2n( 1+ =) |,

Peff = p — a(p p)[ n( p2+3p2)] (17)
Pet = P + a(p? + 3p?)".

We note that the form Eq. (16) for the effective EMT? together
with the field equation (10) allows us to make an analogy be-
tween the effective matter variables (oeff, petr) of EMPG and the
standard matter variables (p, p) of GR, that is, pef <— p and
Detft <—> p. And, it can be seen directly from Eq. (17) that
the power »n is necessarily nonnegative for pes and peg not to
be divergent as p — 0, when the equation of state (EoS) is
assumed to be barotropic, i.e.,, p = p(p); satisfying the extra
condition p(p = 0) = 0. Consequently, for a viable effective
source described by the standard perfect fluid EMT we must have
n > 0.

3. The weak-field limit

Let us recall that in any metric theory of gravitation, gravity is
explained as a manifestation of the curvature of spacetime. Our

2 accordance with the convention in the literature on EMSG so far, we

. 52 . . . .
omitted the W term in the expression of the new tensor 6,, given in
Eq. (5), and for the relevant discussion, we refer the reader to the recent work

Ref. [68], appeared on arXiv during the review process of the current paper.

3 From Egs. (11) and (16), we have V,(pefu”) = —per V,,u* which along
with (17) gives V, {[p —a(1 —2n)p?"Ju*} = —ap* V,u* for dust (p = 0), then
we see that the matter-current conservation equation in this model would lead
to a matter creation/annihilation on cosmological scales in an expanding (H > 0)
universe since V,u* = 3H where H is the Hubble parameter and p.s is not
necessarily zero, for dust as well. Also, V,,u* # 0 for a galactic system due to the
stellar velocity and the galactic potential, hence, the matter creation/annihilation
occurs within galaxies as well. The diversity in rotation curves of spiral galaxies
and the number of observed satellites of the Milky Way remain as unresolved
issues in the CDM paradigm of the standard GR [69]. As a possible solution,
Refs. [70-72] suggest a mechanism in which DM particles exchange energy by
colliding with one another giving rise to deviations in the inner halo structure.
Similarly, our model that anticipates the creation/annihilation of DM can be
tested by its effects on the galactic and subgalactic scales.
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aim in this work is to investigate the weak-field behaviour of
EMPG, that is, behaviour close to the case of no gravity—hence
no curvature, i.e., flat spacetime (Note that we did not make any
assumptions on the spacetime metric g, so far). Therefore, we
suppose spacetime to be almost flat, so that the metric g, of the
curved spacetime can be split as g, = 1, + hy,, where n,, is
the Minkowski spacetime metric representing the flat spacetime
and h,,, is a small perturbation on top of it. Then, the Ricci tensor
to first order in h,,, reads

v

1
R = E(a“auhm + %8, hy — Ohyy, — 9,0,h), (18)

where O = *"9,,0, is the d’Alembert operator and h is the trace
of h,,. Next, we impose, without loss of generality, the Lorenz-
gauge specified by g I, = 0; for the first order perturbation,
this becomes 3#h, s — 19, h = 0. In this gauge, the first order Ricci
tensor simplifies to

1
R{) = =5 O (19)
Since G, is the trace-reversed tensor of R,,, we define the trace-
reversed perturbation as hy,, = h,, — 3n,h so that G}) =

—%Dh,w. Thus, the field Egs. (10) for EMPG become
— Ohyy = 167G TS (20)

in the weak field limit. Note that this is the same as what one
would obtain for GR, except for the addition of the “eff” label,
i.e,, the only difference here is that in GR the cause of gravity T,,,
whereas in our model it is Tﬁff

On the other hand, the field equations can be written in an
alternative and equivalent form with the Ricci tensor on the
left-hand side rather than the Einstein tensor:

1
Ruy = 87G (Tﬁg - EgMuTeff> ) (21)

This form is valid for both GR and EMPG, without/with the label
“eff’. Then, to first order, we obtain

1
— Dhuu = 167G (Tﬁg - EguuTeff> , (22)

and will employ this form in the following subsection to illustrate
a point.

3.1. Newtonian and post-Newtonian limits

Although conceptually very different, Newton’s law of univer-
sal gravitation is the limiting case of Einstein’s field equations
when gravity is everywhere weak, and all speeds are very small
compared to the speed of light (v <« 1). Therefore, any alter-
native theory of gravitation must also be studied in this limit to
make contact with the observational/experimental Solar System
constraints, as discussed in the Introduction.

The first of these limits, as discussed above, leads to weakly-
curved spacetime deviating only slightly from the flat (Minkowski)
spacetime metric, governed by linearized theory, whose equa-
tions are in the form of Eq. (20), alternatively, Eq. (22), for both GR
and EMPG (without and with “eff” label, respectively). Note that
we have made no assumption on the four-velocity u* associated
with the fluid yet.

In an almost flat spacetime, the four velocity can be written

as ut = —- ~(1, vi), where vl = ‘il—’;' is the three-velocity field

1-v
having the magnitude of v [73] with i = 1,2, 3 reserved for
spatial coordinates. For the second limit, we now concentrate
on the matter distributions subject to the slow motion condition

defined as all speeds being very small compared to the speed of
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light (v <« 1), which implies the following hierarchy between the
components of the effective EMT

TS /T ~v . TETT ~ v, (23)

cf. Ref. [74]. It is noteworthy that when the gravitational field
is weak (low curvature) and the particle is nearly at rest in the
chosen reference frame, then the proper time (t) clock runs at
nearly the same rate as coordinate time (t) clock, viz., dt ~ dr,
which implies

vi~u >~ L 1. (24)

Notice that according to the hierarchy stated in Eq. (23), regarding
the slow motion condition imposed in EMPG and also in any other
gravity theory comprising matter-type modifications minimally
coupled to the curvature, the proper approach is to take into
account the effective matter variables rather than the standard
ones. We emphasize that in this type of theories, the slow motion
condition needs to be handled carefully; for instance, in our
model, even if the effective pressure is negligible, we can still
have nonnegligible standard pressure or vice versa.

3.1.1. Newtonian limit

Assuming the metric is diagonal and time-independent (dph,,,
= 0, i.e, O = V?2), which indicates that h,, = diag[-2®, —2¥,
—2¥, —2¥] s also a static field, one can obtain the following line
element in isotropic coordinates (t, r, 6, ¢)

ds? = —[142®(r)]dt? + [1 — 2¥(r)] (dr? + r’dR?), (25)

where d22 = d6? + sin? 0 d¢?; ®(r) and ¥(r) are radial per-
turbative potentials satisfying the weak field approximation such
that |@| < 1 and |¥| < 1. Then, Eq. (22) reduces to

1
Vzh;w = —167G (T/iif — EguuTeff> , (26)

where V is the three-dimensional gradient operator. In the So-
lar system, these potentials have values of about 10~ (in ge-
ometrized units) at most [74]. Hence, we finally reach

1
Vip =876 (ngf + ET‘*ff> : (27)

1
Vi@ = 817G (Tf{f - 5Teff> ) (28)

Furthermore, from Eq. (23), the slow motion condition requires
Toy > Tl > TET, (29)

hence, the components of the effective EMT can be approximately
written as Ts) = pef, T§' = pesrvi and TET > perrvivj + Peird
(cf. Refs. [73,75]). Accordingly, we have pesr << peff; Viz., the
condition (29) implies, except T¢l, all the other components of
TeT are negligible, so that we take T = T¢" = 0 stating that
in this approximation, insofar as gravity is concerned, effective
momenta, pressure, and stresses are negligible. In line with this,
we also have T ~ —T¢M. Therefore, from Eqgs. (27) and (28), we
obtain V2¢ = V2¥ = 47 GTEN which along with asymptotic
flatness implies that ¥ = @& in the Newtonian limit. Eventually,
the field equations turn into

Vi) = 471 G et (30)
which is the Poisson’s equation of gravity, and the geodesic
equation into

d?x
dt?

which gives the Newtonian acceleration law in a gravitational
potential @. These two equations reveal an equivalence between

i=-Vo, (31)
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Newton'’s theory and EMPG in the weak field, slow motion limit,
but with pes instead of p.

For a spherically symmetric body surrounded by vacuum—we
can safely ignore the cosmologically inferred value of vacuum
energy density in the astrophysical setups we are dealing with
here—, Eq. (30) leads to

GM G
il = —— (M + Mem s (32)
r pg

D =-
r

where Mg = 47 fOR Peiir?dr and M = 4r fOR pr2dr with R being

the radius of the spherical body.* We would like to note that the
vanishing divergence of the effective EMT given in Eq. (11) along
with Eq. (16) guarantees dM.g/dt = 0 only in the Newtonian
limit. Thereby, in order to assure that Mg does not change with
time, the exact continuity equation,” which is independent of
the conservation of the effective EMT, should also be introduced
in EMPG as V,(pefrou”) = 0 instead of the standard GR form
Vu(pou#) = 0 where pefo is the effective rest-mass density
defined as pef = pefio(1 + Ier) With [T being the specific
internal energy—in the Newtonian limit, we drop the subscript
0 since peff ~ pefio When we consider the slow motion approx-
imation v2 ~ ITer ~ GMegi/T ~ Defi/perr. These conditions
are satisfied in the Solar System; as is well known, in the Solar
System, the effects of the gravitational field are weak, objects
(except photons) move slowly and the Sun can be considered
to be surrounded by vacuum. So, in the EMPG model applied
to the Solar System, @ as given by (32) can be taken as the
conventional Newtonian potential when M. is identified as the
“Newtonian mass” that would be measured via astrophysical (Ke-
plerian) methods such as period-radius relationships for orbits of
planets or satellites, augmented by measurements of deflection of
light, time delay etc.—though, we remind that Eq. (31) does not
really apply to photons (they are fast, not slow), so the magnitude
of the deflection of a light beam in gravitational field is predicted
to be twice as large in GR than in Newton'’s theory.

In a recent paper [59], the authors calculate the deflection of
light by considering M = 4w fOR pr2dr as the mass measured from
astrophysics in order to recover the GR value of the deflection in
case of @ = 0, such that EMSG modification Mempg is attached to

4 Here we have dropped the constant potential term as we assume asymp-
totic flatness (@ — 0 as r — 00); also, recall that a constant potential does not
affect the acceleration of the test particles.

5 Similar to the field Egs. (4), the continuity equation is obtained from the
variational principle as well [76,77]. Let us express the EoS of the perfect fluid
in the form p = p(h, s) where h = (p +p)/po is the specific relativistic enthalpy
and pp is the rest-mass density. The first law of thermodynamics can be written
as dp = podh — po T ds where 7 is the temperature and s is the specific
entropy. We introduce the Taub vector as V* = hu*, which is defined by five
scalar velocity-potential fields (¢, «, 8, 6, s) that are independent of the metric
tensor [77]. Namely, in the velocity-potential representation, the Taub vector is
expressed as V,, = d,¢ + a 9,8 + 6 9,5, and from the normalization condition
of four-velocity, we obtain h*> = —g#"V,V,. In the presence of perfect fluid
described by £, = p, we vary the action (1) with respect to the dynamical
variable ¢ as follows;

[/~ [/~
65=/d“x { [ g(p+f)] +9, [ [ (g((erf)]“M’
a¢ 9(0,9)
where the first term vanishes since the Taub vector depends on the derivative
of ¢ but not ¢ itself. Consequently, substituting % |S = po from the first law of
thermodynamics yields

Y — b ] . [d/=gf)
85‘/‘1 X {a“ [Jig""a(am]””[ %(0,0) “M"

Using the definition of h along with the fact that V,V* = ﬁa,xﬁvu,
without any further calculation, it can be seen that V,(pou*) # 0 in EMSG,
instead we have V,(pou*) = —(terms arisen due tof). On the other hand,
according to our effective source interpretation, the effective matter Lagrangian
density is defined as £&T = p + f(T,,T*") = perr and following the same
variational procedure with effective variables leads to V,(pefou”) = 0.
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the y parameter resulting in its deviation from unity. However,
it is clear from the discussions in the above paragraphs that if
the observer does not know the energy density or the mass of
the astrophysical object in an independent way except for ob-
servation of orbits or similar measurements, the observer cannot
distinguish whether the mass of the astrophysical object is Meg
or M, i.e., whether the curvature of the spacetime is governed
by GR or EMPG. To prevent such a misinterpretation of the PPN
parameter y, this proper reasoning should be followed both in
any particular model of EMSG theory and in models of matter—
curvature coupling gravity, if matter is minimally coupled to
curvature, in other words, if the modification to GR is of the form
f(Lm, T, T*T,,), i.e, is a function of only matter-related terms.

Next, substituting peg defined in Eq. (17) into Eq. (30), we can
also write the Poisson’s equation in terms of the standard matter
variables:

4pp
V2® =47Glp —a(p® +3p*)"|1—2n( 1+ —— )
i {p a(p+p)[ n( +pz+3p2)“
(33)

As we have TS = 0, but not T; = 0 in the Newtonian limit, we
see not only p, but also p in Eq. (33), in contrast to GR (a = 0).
We remark that Ref. [52] briefly discusses the weak field limit
of the quadratic EMSG model (viz., n = 1 case of the EMPG). In
that study, however, the authors limit the scope of the discussion
by assuming |p/p| <« 1 from the outset. The full scope of the
discussion in the framework of the EMPG model requires the use
of a more general condition than |p/p| < 1, that is,

Deft
Peff

and we employ the latter in this work. The condition given in
Eq. (34) does not necessarily imply that [p/p| < 1; except of
course, in the GR limit (¢ — 0) of the EMPG model. Yet, it is
still useful and would be realistic to describe most of well known
astrophysical objects such as planets, stars possessing negligible
pressure in comparison with their energy densities. In the Solar
System, within the context of GR, typical p/p values are 10~1° for
the Earth, 10~ for the Sun. Moreover, this ratio for the surface
of a white dwarf is about 10~* [78]. It is, on the other hand,
~ 0.1 for the surface of a neutron star® and ~ 1 for the event
horizon of a blackhole based on Zeldovich (stiff) fluid (p = p)
which is the most rigid EoS compatible with the requirements of
relativity [79]. We proceed with the general case which provides
us with a mathematical simplicity for applying our results to the
astrophysical objects with structures and postpone the discussion
of the limit |p/p| < 1 until Section 5.

< 1, (34)

3.1.2. Post-Newtonian limit

The Newtonian limit of any gravity theory should be able to
explain aspects of light propagation such as deflection of light
and Shapiro time delay in addition to the Newtonian properties
of planetary and satellite orbits. However, for cases like the peri-
helion shift of Mercury in which the more accuracy is needed, the
linearized theory is inadequate and one must include the second
order perturbation terms as well.

Accordingly, let us proceed with writing the Ricci tensor in the
second order h,’s as [80]

1
Ry = E{h““(aﬂauhaﬂ — 040 hup — 0u0uhp)

6 See Figure 1(b) in Ref. [44] for effective EoS versus the energy density of
the neutron star matter stress where the case « = 0 (GR) gives the EoS of the
matter stress itself for various realistic EoS parametrizations. The surface value
of p/p is achieved for p = 0. For « # 0 in quadratic EMSG model, EoS parameter
on the surface does not deviate from GR, while deviations are seen on the core
values in some parametrizations.
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1
+ Eauhaﬂauh“ﬂ + 9%hpy (9 — 07 hyy)

1
+ [aah”/3 - 5nwaﬁhw} (8ph, — 8,hyp — avhﬂﬁ)}. (35)

Including the second order perturbations in Lorenz gauge implies
h*v(8,,hgy 40, hey —04h,,) = 0, and hence, the second order Ricci
tensor becomes

1 1 1
RE) = 5rf‘f*auavha,ﬂ + Zaﬂhaﬁavhaﬁ + 5a“h,gv(awhfj — 3Phy,).
(36)

Then, the tt component of Eq. (21) up to second order perturba-
tions reads

do\*
Vi) —2 (7> = 47 Gpeit, (37)
dr
and yields the solution
202
@ — _GMEff + %. (38)
r r2

Therefore, in the EMPG model, the components of the post-
Newtonian metric take the following form:

2GM 2G*M? 1
gOO:—l-f‘feff_Teff-i‘O(ﬁ), (39)
2GM 1
g“:1+75“+o<7). (40)
r r

We note that with this solution, the line element (25) ap-
proaches the Minkowski spacetime metric as r — oo and has
exactly the same r dependence as in GR. Conversely, this case
does not apply to gravity models with curvature-type modifica-
tions. For instance, f(R) type models give rise to an extra term
of the form o« e™™ /r with m being a constant, like Yukawa type
potentials, and therefore change the r dependency of the gravita-
tional potential and require two different parameters, instead of
the single Mg parameter in EMPG, to fix the solution [81].

3.1.3. Parametrized post-Newtonian formalism

Through the PPN formalism, gravitational theories can be dis-
tinguished from each other by the numerical coefficients ap-
pearing in front of the metric potentials. As first formulated by
Eddington, Robertson and Schiff [82-84], and later fixed system-
atically by the approach of Nordvedt and Will [85-87] in this
formalism, the coefficients are replaced by various compositions
of a total of ten parameters whose values depend on the gravity
theory under consideration. They used it in interpreting the Solar
System experiments. The PPN metric up to the order we have
calculated above is written as follows

8o = —1+2U — 2802, (41)
g1 =1+4+2yU. (42)
As is seen from Egs. (39) and (40), in EMPG, we have

GM
u=—-2=, (43)

r

which implies that
y=1 and B=1, (44)

exactly the same values in GR which in turn are consistent with
the experimental and observational bounds [30,74].

The PPN parameter y, which is the measure of space-curvature
produced by unit rest mass, plays a crucial role in the Solar
System tests of a gravitational theory. In GR, we know that a light
ray passing near the Sun is deflected by some angle (deflection of
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light) and a radar signal from Earth sent on a round-trip passing
near the Sun requires some extra time compared to the time
interval predicted from Newtonian theory (time delay of light).
Both these deflection angle and delayed time is proportional to
the coefficient %(1 + y). The factor 1 here appears in any metric

¥y

theory of gravity while the factor 5 changes from one theory
to the other. The other parameter 8, which is the measure of
nonlinearity in the superposition law for gravity, is related to the
perihelion shift of Mercury through the coefficient %[2(1—}—)/ )—Bl.
Due to the observational limits, other PPN parameters should be
very close to zero in alternative theories of gravity, and they are

automatically zero in EMPG with nonnegative 7, as in GR.
4. Schwarzschild exterior solution

The particular models of EMSG satisfying f(T,,T*") = 0 when
T,, = 0 are equivalent to GR in vacuum. Obviously, this is also
the case for the EMPG model with n > 0. Therefore, assuming
n > 0, the field equations of the EMPG model for vacuum satisfy
the spherically symmetric and static Schwarzschild line element,
in Schwarzschild coordinates (t, 1, 6, ¢),

o7 = (1 20

1
P
7 (1 _ ZG’YIeff)
r

where Mg is an integration constant that is subject to be deter-
mined from astronomical/astrophysical measurements, e.g., the
period and semi-major axis of a planet’s orbit. Mg also corre-
sponds to the volume integral of pess by means of the tt compo-
nent of the field Eqgs. (7), viz., Mefr = 47 fOR Peir2dr for a spherical
object. This vacuum solution can also be written in isotropic

dr? +72d9?,  (45)

2
coordinates via the transformation 7 = r (1+ <) [78], and

we can obtain the Newtonian and post-Newtonian limits of EMPG
in this way as well. In isotropic coordinates, the expression given
in Eq. (45) turns out to be

2
1— GMeft GM 4
ds? = — (”) de? + (1 + é”) (dr? + r2de?).

14 et 2r

(46)

In the weak field region, that is, at distances far away from the
massive object which corresponds to r > GMcg, the metric
encoded in Eq. (46) can be expanded as

2GM 2G*M? 1
ST e o =), (47)
r T2 l‘3

2GM, 1
g]] = 1 + eff + O Y . (48)
r r2

We see that the metric components given in Egs. (47) and
(48) are identical to the ones given in Eqgs. (39) and (40), hence,
give rise to the same PPN parameters obtained from weak field,
slow motion limit (see Section 3.1.3). This is a result in line with
our claim that the slow motion condition should be written in
terms of effective variables. It is also worth noting here that the
only difference between the line element—expressed in either
Schwarzschild coordinates (45) or isotropic coordinates (46)—
, and the one obtained in GR is that where the term Mc is,
there is M. Both are not directly observable parameters but are
parameters derived using EMPG or GR from observational data
on Kepler orbits, deflection of light etc. That is, using the same
astronomical data will result in exactly the same mass value
whether EMPG is used or GR is used, but this mass value will
be the value of Mq in EMPG and the value of M in GR. In the
case of EMPG, if there is information about the values of the

8o =—-1+
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EMPG parameters « and n from another independent physical
event (e.g., from cosmological observations), then it is possible
to separate the value of Meff = M + Memp, into the values of its
components M and Mempg.

5. Slow motion conditions

Assuming a barotropic fluid, viz., a fluid with an EoS of the
form p = p(p), and p(p = 0) = 0, we have already shown that n,
the power of the Lorentz scalar T,,, T*", is necessarily nonnegative
for perr and pegr not to be divergent [see Eq. (17)] as p — O.
Therefore, we must have n > 0 to be able to obtain a viable
effective source within EMPG. In order to determine the slow
motion condition of EMPG, we have used the effective energy
density and pressure of the massive body since these are the
values that are measurable in the long-range regime. We now
analyse and discuss effects of EMPG corrections by considering
the standard p and p accompanied by parameters ¢ and 7 in
contrast to GR (@ = 0). Besides the slow motion condition
|peft/ pestl ~ v?> < 1 [see Eq. (23)], we also have to assign a
relationship between p and p specifying the EoS p = p(p). Let
us proceed by writing the effective energy density and pressure
(17) in the following form:

Peff = P + Pempg (49)
0
Petr =P + elj:p/g , (50)
2n (1 + H;;z’;pz) -

where pempg represents the extra terms arising from the EMPG
modification, viz.,

2n 2\ "
_(p 3p 4p/p
=dp|= 1+—> [2 <1+7>—1]
Pempg P <,0> ( 02 n 1+ 3p2/p2
(51)

We should point out that although the last term in Eq. (50) with a
possibly vanishing denominator seems problematic at first glance,
substituting Eq. (51) back into Eq. (50) drops this factor. Here the
dimensionless coupling parameter is defined as

o =ap !, (52)

where 5 may be taken as, e.g., p = 10° kg/m?, referring the mass
(since ¢ = 1) of 1 m® water, a scale consistent with the average
densities of the Solar System bodies, such as the Sun and planets—
so that we use a scale that can be defined with respect to an
object’s mass which is known/measured by a method that does
not include gravitational effects. Note that the dimensionality of
the parameter « depends on n which renders it unreasonable
to make a comparison between magnitude of « for different
models; through the redefinition of the model parameter above,
we overcome this issue. Next, we eliminate pempg in Egs. (49) and
(50), hence, realize that independent of o, pegr and p are related
as follows:

4p/p >:| peff}
1+|1—2n (14 —2L2 )| Betf
perf{ |: 7 ( 1+3p%/p? ) | pett

_ _ _ap/p_\|P
=ofre[-m (e 505 2] )

We shall henceforth focus on a particular class of EoS’s satis-
fying the condition

‘p <1 (54)

If one considers that the pressure inside the nonrelativistic as-
trophysical objects is much less than the corresponding energy
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density, this is indeed a rather natural assumption. Therefore, us-
ing Eq. (54) in the effective energy density (49) and pressure (50),
these become

Peff = L + Pempgs (55)
0

Peft = P + o2 (56)
2n—1

where the energy density arising from the EMPG modification (51)
reads

P\
Pempg = (277 - 1)0[,/_7 (5) . (57)

As mentioned above, Eq. (56) seems to explode for n = 1/2, but
that is not actually the case; substituting Eq. (57) into Eq. (56),
it can be seen immediately that the factor 2n — 1 responsible for
this situation drops. Accordingly, the slow motion condition can
be restated for a general n in terms of the standard energy density
and pressure as

p + (27) - ])71pempg
o+ Pempg

from which, however, it is not easy to see the validity of slow
motion condition. Instead, manipulating Eqs. (55) and (56), or
equivalently setting |p/p| < 1 in Eq. (53), we obtain

pet [1 +(1- ZH)M} =p [1 +(1- 2n)ﬂ : (59)

Peff

Deff
Peff

< 1, (58)

which turns out to be quite useful. As can be seen from Eq. (59),
if pet/ et = p/p, then pegr ~ p independent of the value of
n. Otherwise, peg—p relation depends on 1 and pes can even
take negative values. Having said that, we know from cosmo-
logical analyses to date that 5 is expected to be at the order of
O(n) = 1. In Ref. [39], the authors show that n ~ 0 can explain
the late-time acceleration of the universe from the dust’s EMPG
contribution (in this case, since it resembles the cosmological
constant), without resorting to a cosmological constant (A) or
dark energy and find that = —0.003 &£ 0.023 at 95% confi-
dence level from their observational analyses. In a more recent
cosmological analysis [88], it is obtained 0 < n < 0.18 at 95%
confidence level, and n = 0.26 4 0.25 at 95% confidence level
when a A is allowed on top of EMPG. In the case n = 1, in the
modified Friedmann equation, the dust energy density pp, o a3
is accompanied by the additional energy density term mimicking
stiff (Zeldovich) fluid pemsg o< a~® (see the higher-order correction
terms on effective EMT given in Eq. (15) which are proportional
to p2" for arbitrary ). The present-day density parameter of such
stiff fluid-like sources (effective or actual), €2, on top of the
standard ACDM model are extremely well constrained; assuming
it is non-negative definite, the upper bounds on it ranges from
~ 107* to ~ 107'® from cosmological analysis depending on
the datasets used (e.g., Snla, BAO, Planck CMB); and even reaches
~ 10723 when big bang nucleosynthesis is considered [89-91].
Similarly, the constraints on the EMPG with n = 1 from neutron
stars suggest that the new terms arising in this case must be
extremely weakly coupled with gravity, viz., |« < 1071 m3 kg~".
From all this, it would be fair to say that n > 1 cases are unlikely
to be realistic. Therefore, in the light of the above discussion
on theoretical and observational bases, we do not expect EMPG
to be realistic out of interval of 0 < n < 1. Consequently, if
we also consider the n > 0 condition we introduced for the
non-divergent pegr and pegr in vacuum solutions, then the interval
0 < n < 1 should be taken for realistic implementations of the
EMPG model. Now, with this condition in mind, we can continue
our investigation in this chapter.

When we consider the conditions |pes/peff] < 1 (implied
by the slow motion condition) and |p/p| <« 1 (expected to
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be applied to most astrophysical objects [74]; however, excep-
tions are possible where it will not apply under extreme condi-
tions, such as the deep interior of neutron stars, see, e.g., [44])
simultaneously, Eq. (59) implies that

Peft X P, (60)

for O(n) = 1 (required for the realistic implementations of
EMPG). Then we see that, if we only demand that the slow motion
condition (implying |pefr/ peff] < 1) to be satisfied, to get pesr = o
from Eq. (55), pempg Must remain negligible compared to p > 0,
viz., we must have

|pempg| <L p, (61)

which also guarantees that pe > 0 as p is positive definite by
definition. Using these findings, we can also write some condi-
tions between «’ and 7:
(i) The case 0 < n < 1/2: When we use Eq. (61) in Eq. (57),
we can write

o (p/p) "
lo'| < 2 (62)
From this inequality we see that the lower energy density, the
smaller |o’| must be. This is more emphasized for smaller n
values.

(ii) The case of Scale-Independent EMSG (viz., n = 1/2): This
requires a separate examination, as we cannot use Eq. (59) in this
case. To do so, we first substitute Eq. (57) in Eqgs. (55) and (56),
and then choose n = 1/2 to get the relation we need;

Pet] 1P |« 1. (63)
Peff P

This in turn implies that we must have

lo'| < 1, (64)

regardless of the energy density scale considered.

(iii) The case 1/2 < n < 1: When we use Eq. (61) in Eq. (57),
we can write
(p/p) >

1—2n
which differs from Eq. (62) with a minus sign. From this inequal-

ity we see that the higher energy density, the smaller || must
be. This is more emphasized for larger » values.

lo'| < — , (65)

6. Conclusion

We have explored the weak field and slow motion limits, New-
tonian and Post-Newtonian limits, of the EMPG [39,40], namely,
the EMSG [38-40] of the form f(T,,T"") = «(T,,T*")", where
o (determines the gravitational coupling strength of the EMPG
modification) and » are constants. In PPN formalism, we have
shown that EMPG with 1 > 0 (otherwise the EMPG modification
would diverge in vacuum solutions) and GR are not distinguish-
able by local tests, say, the Solar System tests; as they lead to (i)
the same form of gravitational potential, keeping PPN parameters
completely the same in both theories, and (ii) the same geodesics
for the test particles. However, within the EMPG framework, the
mass of an astrophysical object inferred from astronomical ob-
servations M,g, e.g., using Keplerian methods, corresponds to the
effective mass Meg(, n, M) (viz., the mass of the object resulting
from the effective EMT describing it, Tﬁff) with « and 5 being
the free parameters of EMPG and M being the actual physical
mass (viz., the mass of the object resulting from the actual EMT
describing it, T,,). Accordingly, while in the GR framework we
simply have the relation M,y = M, in the EMPG we have M,y =
M + Mempg. In the case of EMPG, if there is information about the
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values of {«, n} pair or M from other independent phenomena
(from cosmological observations, structure of the astrophysical
object, etc.), then in principle it is possible to infer not only Mg
alone from astronomical observations, but also M and Mempg Sep-
arately. We have concluded also that for a proper analysis within
EMPG framework, which leads us to the results we have stated
above, it is necessary to describe the slow motion condition,
which is also related to the Newtonian limit approximation, by
IDeft/ peff]l < 1, whereas it is by |p/p| <« 1 in GR—note that the
latter need not be satisfied for the former to be satisfied.

Finally, although the current work is based on a specific model
of EMSG theory [38-40], namely the EMPG model [39,40], it is
conceivable that our findings would apply to models of EMSG in
general—and further to modified gravity theories such as R +
f(Lm) [41] and R + f(T) [42] as all these are similar in that
the source is minimally coupled to the curvature. Consequently,
apart from several specific conclusions we have drawn from this
study, we have learned two important lessons; in studies aimed
at constraining the free parameters of such modified theories of
gravity, using astronomical information, caution must be exer-
cised in drawing conclusions, and then such theories may enjoy
a significant advantage, as they escape local tests.
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