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Abstract

The aim of this paper is to investigate some of the fundamental properties of weakly
e*-continuous functions introduced by Ayhan and Ozkog in [3]. Moreover, several character-
izations and some properties concerning weakly e*-continuous functions are obtained. Then,
we investigate relationships between weak e*-continuity and some other types of continuity.
Also, we investigate the relationships between weakly e*-continuous functions and connect-
edness and graph of functions.

Key words and phrases: e¢*-open, weakly e*-continuity, almost e*-continuity, faintly
e*-continuity.

Resumen

El objetivo de este trabajo es investigar algunas de las propiedades fundamentales de
las funciones e*-continuas débilmente introducidas por Ayhan y OZkog en [3]. Ademds, se
obtienen varias caracterizaciones y algunas propiedades relativas a funciones e*-continuas
débilmente. Luego, investigamos las relaciones entre la dbil e*-continuas débil y algunos otros
tipos de continuidad. Adem4s, investigamos las relaciones entre las funciones e*-continuas
débilmente y la conectividad y grafica de funciones.

Palabras y frases clave: e¢*-abierto, e*-continuidad débil, casi e*-continuidad, e*-
continuidad ligera.

1 Introduction

One of the most important subjects in mathematics is the notion of continuity. Recently, several
studies have been carried out on continuous functions which are indispensable objects of topology.
In these studies, the concepts which are both stronger and weaker than the concept of continuity
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have been introduced and some fundamental results have been obtained. For instance in 1961,
the concept of weak continuity is introduced by Levine in [8]. In the following years various weak
forms of weak continuity were defined and studied by many mathematicians. The concept of
weak e*-continuity which is defined by Ayhan and Ozkoc in [3], weaker than weak e-continuity
introduced by Ozko¢ and Ashm in [12], weak S-continuity introduced by Popa and Noiri in
[14], weak b-continuity introduced by Sengiil in [15], almost e*-continuity and weak a-continuity
introduced by Ayhan and Ozkog in [3], but stronger than faint e*-continuity introduced by Jafari
and Rajesh in [7]. In this paper, we study weak e*-continuity via e*-open sets defined by Ekici
in [5].

2 Preliminaries

Throughout this present paper, (X,7) and (Y,0) (or simply X and Y) represent topological
spaces on which no seperation axioms are assumed. For a subset A of a space X, the closure
and the interior of A are denoted by cl(A) and int(A), respectively. The family of all open (resp.
closed, clopen) sets of a topological space X will be denoted by O(X) (resp. C(X), CO(X)). A
subset A of a topological space X is said to be regular open (regular closed) if A = int(cl(A))
(resp. A = cl(int(A))) (cf. [16]). The family of all regular open (regular closed) of a topological
space X is denoted by RO(X) (RC(X)). A point = of X is said to be J-cluster point of A if
int(cl(U)) N A # 0 for each open neighbourhood U of z (cf. [17]). The set of all d-cluster
points of A is called the é-closure of A and is denoted by cls(A) (cf. [17]). If A = cls(A), then
A is called d-closed, and the complement of a d-closed set is called d-open (cf. [17]). The set
{z:3U € ROX) withz € U C A} (equally {z : 3U € 7 with € U and int(cl(U)) C A}) is
called the d-interior of A and is denoted by ints(A).

A subset A is called a-open (resp. semiopen, preopen, b-open, S-open, e-open, e*-open)
if A C int(cl(ints(A))) (resp. A C cl(int(A)), A C int(cl(A)), A C cl(int(A4)) U int(cl(A)),
A C cl(int(cl(A))), A C cl(ints(A)) Uint(cls(A)), A C c(int(cls(A)))) (cf. [4, 9, 10, 2, 1, 6, 5]
respectively). The complement of an a-open (resp. semiopen, preopen, b-open, S-open, e-open,
e*-open) set is called a-closed (resp. semiclosed, preclosed, b-closed, 5-closed, e-closed, e*-closed),
see [4, 9, 10, 2, 1, 6, 5] respectively. The intersection of all e*-closed sets of X containing A is
called the e*-closure of A and is denoted by e*-cl(A) (cf. [5]). The union of all e*-open sets of X
contained in A is called the e*-interior of A and is denoted by e*-int(A) (cf. [5]).

A point x of X is called a 6-cluster point of A if cl(U) N A # () for every open set U of X
containing x (cf. [17]). The set of all §-cluster points of A is called the §-closure of A and is
denoted by clg(A) (cf. [17]). Equivalently clp(A) = ({F : A Cint(F) and F € C(X)}. A subset
A is said to be 6-closed if A = clg(A) (cf. [17]). The complement of a -closed set is called a 6-
open set (cf. [17]). A point x of X said to be a f-interior point of a subset A, denoted by intg(A),
if there exists an open set U of X containing x such that cl(U) C A (cf. [17]). Equivalently
intg(A) = J{U : cl(U) CAand U € O(X)}.

The family of all open (resp. closed, e-open, e-closed, e*-open, e*-closed, S-open, [-closed,
d-open, d-closed, G-open, #-closed, semiopen, semiclosed, preopen, preclosed, a-open, a-closed)
subsets of X is denoted by O(X) (resp. C(X), eO(X), eC(X), e*O(X), e*C(X), BO(X), BC(X),
00(X), 6C(X), 0(X), 8C(X), SO(X), SC(X), PO(X), PC(X), aO(X), aC(X)). The family
of all open (resp. closed, e*-open, e*-closed, S-open, S-closed, d-open, d-closed, §-open, f-closed,
semiopen, semiclosed, preopen, preclosed, a-open, a-closed) sets of X containing a point = of
X is denoted by O(X,x) (resp. C(X,x), eO(X,z), eC(X,x), e*O(X,x), e*C(X, ), BO(X,x),

Divulgaciones Matemadticas Vol. 21, No. 1-2 (2020), pp. 9-20



On Characterizations of Weakly e*-continuity 11

BC(X,x), 00(X,x), 6C(X,x), 00(X,z), 0C(X,x), SO(X,x), SC(X,z), PO(X,x), PC(X,x),
aO(X, x), aC(X, x)).

We shall use the well-known accepted language almost in the whole of the proofs of the
theorems in this article.

The following basic properties of e*-closure and e*-interior are useful in the sequel:

Lemma 2.1 (cf. [5]). Let A be a subset of a space X, then the followings hold:
1. e*cd(X \A) = X \ e*-int(A).
2. xee*-clA) if and only if ANU # 0 for every U € e*O(X, x).
3. Ais e*C(X) if and only if A= e*-cl(A).
4. e*-cl(A) € e*C(X).
5. e*-int(A) = Ancl(int(cls(A))).
Lemma 2.2. Let X be a topological space and A C X. Then the following properties hold:
1. If A is an open set in X, then cl(A) = cls(A) = clp(A).
2. clp(A) € C(X).
Proof.

1. Let A € O(X) and z € clg(A), then for all U € O(X,z) is obtained cl(U) N A # 0.
Therefore, for all U € O(X, z)) we get that cl(UNA) 2 cl(U)N A # @, because A € O(X).
So, for all U € O(X,z), UN A # () and, therefore, z € ¢l(A). Then we have

clp(A) Ccl(A) (1)
On the other hand, we have always
cl(A) C cls(A) C clg(A) (2)
By equations (1) and (2) we get that cl(A) = cls(A4) = cly(A).
2. Tt is obvious from the fact that clp(A) = ({F : A Cint(F) and F € C(X)}.
O

Lemma 2.3 (cf. [3]). Let X be a topological space and A,B C X. If A is an a-open set and B
is an e*-open set, then AN B is an e*-open set in X.

Lemma 2.4 (cf. [13]). Let X and Y two topological spaces and A C X and B CY. Then
cls(A x B) = cls(A) x cls(B).
Definition 2.1. A function f: X — Y is said to be:
1. é-continuous if f~1[V] is §-open in X for each d-open set V of Y (cf. [11]).

2. B-continuous if for each x € X and each open set V of Y containing f(z), there exists
U € BO(X,z) such that f[U] CV (cf. [1]).
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3. e*-continuous if for each z € X and each open set V of Y containing f(x), there exists
U € e*O(X, z) such that f[U] CV (cf. [5]).

4. Weakly b-continuous (briefly w.b.c.) if for each x € X and each open set V of Y containing
f(z), there exists U € BO(X, x) such that f[U] C cl(V) (cf. [15]).

5. Weakly S-continuous (briefly w.5.c.) if for each € X and each open set V of Y containing
f(z), there exists U € SO(X,x) such that f[U] C cl(V) (cf. [14]).

6. Weakly e-continuous (briefly w.e.c.) if for each x € X and each open set V of Y containing
f(x), there exists U € eO(X, x) such that f [U] C (V) (cf. [12]).

7. Weakly a-continuous (briefly w.a.c.) if for each z € X and each open set V of ¥ containing
f(z), there exists U € aO(X,x) such that f[U] C (V) (cf. [3]).

8. Almost e*-continuous (briefly a.e*.c.) if for each 2 € X and each open set V of Y containing
f(z), there exists U € e*O(X, x) such that f[U] Cint(cl(V)) (cf. [3]).

9. Faintly e*-continuous (briefly f.e*.c.) if for each z € X and each #-open set V of YV
containing f(x), there exists U € e*O(X, x) such that f[U] CV (cf. [3]).

Lemma 2.5 (cf. [11]). Let f : X = Y be a function. Then the function is §-continuous if and
only if f~cls(A)] C cls(f~1[A]) for each subset A of X.

3 Weakly e*-continuous functions

Definition 3.1. Let X and Y be topological spaces. f : X — Y is a weakly e*-continuous
(briefly w.e*.c.) at « € X if for each open set V containing f(z), there exists an e*-open set U
in X containing x such that f [U] C cl(V) (cf. [3]). The function f is w.e*.c. if and only if f is
w.e*.c. for all x € X.

Remark 3.1. From Definition 3.1 and Definition 2.1, we have the following diagram. The
converses of these implications are not true in general, as shown in the following examples. Also,
examples for the other implications are shown in the related papers.

weakly b-continuity — weakly S-continuity <+— [S-continuity
1 1
weakly e-continuity —— weakly e*-continuity <+— e*-continuity
/ \: N
almost e*-continuity faintly e*-continuity weakly a-continuity

Examples 3.1.

1. Let X = {a,b,c,d} and 7 = {0, X, {a},{b}, {a,b},{a,c},{a,b,c}}. It is not difficult to see
e*O(X) = 2% \ {{d}}. Define the function f : X — X by f = {(a,d), (b,b), (c,c), (d,a)}.
Then f is weakly e*-continuous but it is not e*-continuous.

2. Let X ={a,b,c,d} and 7 = {0, X, {a}, {b}, {a,b},{a,c},{a,b,c}}. It is not difficult to see
eO(X) = 25\ {{d}, {a,d}, {c,d}} and e*O(X) = 2%\ {{d}}. Define the function f : X — X
by f = {(a,b), (b,a),(c,c),(d,d)}. Then f is faintly e*-continuous but it is not weakly e*-
continuous.
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3. Let X = {a,b,c,d} and 7 = {0, X, {a}, {b},{a,b},{a,c},{a,b,c},{a,b,d}}. It is not difficult
to see eO(X) = 2%\ {{d},{a,d},{c,d}} and e*O(X) = 2% \ {{d}}. Define the function
f: X —=>Xby f={(a,d),(,b),(c,c),(d,a)}. Then f is weakly e*-continuous but it is not
weakly e-continuous.

4. Let X = {a,b,c,d} and 7 = {0, X,{a},{b},{a,b},{a,c},{b,d},{a,b,c}, {a,b,d}}. It is
not difficult to see BO(X) = 2%\ {{c},{d},{a,d},{b,c},{c,d},{a,c,d},{b,c,d}} and
e*O(X) = 2%. Define the function f : X — X by f = {(a,d), (b,b), (c,c),(d,a)}. Then
f is weakly e*-continuous but it is not weakly S-continuous.

Theorem 3.1. The following properties are equivalent for a function f: X —Y:
1. f is weakly e*-continuous at x € X.

2. For each neighbourhood V of f(z), x € cl(int(cls(f[cl(V)]))).

3. For each neighbourhood V' of f(x) and each neighbourhood U of x, there exists a nonempty
open set G C U such that G C cls(f~1cl(V)]).

4. For each neighbourhood V' of f(x), there exists U € SO(X, x) such that U C cls(f~[cl(V)]).

Proof.

Let V € O(Y, f(x)). By item 1. we get that there exists U € e¢*O(X,z) such that

[U] C c(V). So, there exists U € e*O(X,z) such that U C f~'[cl(V)]. Then, there
exists U € e*O(X,z) such that U C cl(int(cls(U))) C cl(int(cls(f~ cl(V)]))). Therefore
x € cl(int(cls(f1cl(V)])).

Let V € O(Y, f(z)), then = € cl(int(cls(f~ [cl(V)]))), by item 2.. Now, let U €
O(X,z), then x € Uﬂcl(mt(clg(f*1[cl(V)]))). So, UNel(int(cls(f~1cl(V)]))) # 0 and, therefore,
cl (U nint(cls(f~ [cl(V)]))) # 0. This implies that U N int(cls(f~*[cl(V)])) # 0. Define now
G :=Unint(cls(f~ [ ( )])), then G € 7\ {0}, G C U and

G Cint(cls(fHcl(V)]) C els(fHcl(V)]).

Let V € O, f(z)) and U € O(X, z), then by item 3. we get there exists Gy € 7\ {0}
such that Gy C U and Gy C cls(f~1[cl(V)]). Define now G := J{Gu|U € O(X,z)}, then G € T,
z € cl(G) and G C cls(f~cl(V)]). Also, defining Uy := G U {x}, we get that G C Uy C cl(G)
and Up C cls(f~[cl(V)]). Therefore Uy € SO(X,z) and Uy C cls(f~[cl(V))]).

Let V € O(Y, f(x)). By item 4. we get that z € f~[V] and there exists G € SO(X, )
such that G C cls(f~t[cl(V)]) and, therefore

r€ fVING C f (V)] Nel(int(G)) € f el(V)] N el(int(cls(f el (V)

Now defining U := e*-int(f~[cl(V)]) = f~cl(V)]Nel(int(cls(f~[cl(V)]))), then U € e*O(X, z)
and f[U] C c(V). O

Theorem 3.2. The following properties are equivalent for a function f: X —Y:
1. f is weakly e*-continuous.

2. e*-cl(fint(cl(B))]) C f~cl(B)] for every subset B of Y.
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14 B.S. Ayhan - M. Ozkog

e*-cl(f~[int(F)]) C f~1[F] for every regular closed set F of Y.
FYB] C e*-int( f‘l[cl(B)]) for every reqular open set B of Y.
e*-cl(f~2V])) C f1cl(V)] for every open set V of Y.
[int(F)]) C e*-int(f1[F)) for every closed set F of Y.
FYV] C e*-int(F~[cl(V)]) for every open set V of Y.
e*-cl(f~int(F)]) C f~L[F] for every closed set F of Y.

© X NS &

FHV] Cel(int(cls(fL[cl(V)]))) for every open set V of Y.
10. int(cl(ints(f~int(F)]))) C f=L[F] for every closed set F of Y.

Proof.

Let BCY and x ¢ f~[cl(B)], then f(z) ¢ cl(B) and there exists V € O(Y, f(z)) such
that V' N B = 0. So, there exists V € O(Y, f(x)) such that cl(V) Nint(cl(B)) = 0. Also, by item
1., there exists U € e*O(X, ) such that f[U] Nint(cl(B)) C cl(V) Nint(cl(B)). So, there exists
U € e*O(X,z) such that U N f~!{int(cl(B))] = 0 and, therefore x ¢ e*-cl(f~![int(cl(B))].

Let F € RC(Y), then F € C(Y) and therefore F' = cl(F). Now, by item 2., we get
e*-cl(f~Hint(F)]) = e*-cl(f~ [int(cl(F))]) € f~Hel(F)] = f~[F].

Straightforward.
Let V € O(Y), therefore Y \ cl(V) € RO(Y). So, by item 4., we get
Y\ (V)] € eint(fHl (Y \ el(V)])
Then, X \ f~cl(V)] C X \ e*-cl(f[int(cl(V))]) and, therefore
e*-cl(fT[V]) € e*-el(f~ int(cl(V))]) € f~Hel(V)]-
Straightforward.
Let V € O(Y), then cl(V) € C(Y). So, by item 6., we get

FHVIC fH int(c(V))] € e*-int(f = el(V)]).
Straightforward.
Let V € O(Y), then Y \ V € C(Y). So, by item 8., we get that
e-c(f T it (Y \V)]) € fHY \ V]
Then, X \ e*-int(f~cl(V)]) € X\ f~'[V] and
FHV) C efint (V) = fHel(V)] N el(int(cls (fel(V)])))
Therefore, f~1[V] C cl(int(cls(f~ [cl(V)]))).
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Straightforward.

Let z € X and V € O(Y, f(x)), then Y\ V € C(Y )andm € f~'[V]. Now, by item 10.,
we get that int(cl(ints (it (Y \ V) € f7[Y \ V). So, f1[V]'C el(int(cla(f~[l(V)))
and, therefore, z € cl(int(cls(f~1[cl(V)]))). O
Theorem 3.3. The following properties are equivalent for a function f: X —Y:

1. f is weakly e*-continuous.

2. e*=c(f~1V]) C f[el(V)] for each V € PO(Y).

3. f7int(F)] C e*-int(f~L[F]) for each F € PC(Y).

4. fYV] Ce*-int(f~cl(V)]) for each V € PO(Y).

5. e*cl(f~int(F)]) C f~1[F] for each F € PC(Y).
Proof.

Let V€ PO(Y)and z ¢ f~1[cl(V)], then f(z) ¢ cl(V) and there exists W € O(Y, f(x))
such that VNW = (. So,

V(W) Cint(cl(V))Ne(W) Ccllint(cl(V)) N W] = cfint(cl(V)NW)]
Cellint(cd(VNW))) Cd(VAW) =10

By item 1., we get that there exists U € e*O(X, ) such that V. N f[U] CV Necl(W). So, there
exists U € e*O(X, z) such that f~'[V]NU = 0 and, therefore, x ¢ e*-cl(f'[V]).

Straightforward.
Let V € PO(Y), then cl(V) € PC(Y) and V C int(cl(V)). Now, by item 3.

FHVIC f it (l(V))] € eint(f~el(V)]).
Straightforward.
This follows from item 6. of Theorem 3.2, since every closed set is preclosed. O
Theorem 3.4. The following properties are equivalent for a function f: X —Y:
1. f is weakly e*-continuous.
2. fle*-cl(A)] C clo(f[A]) for each subset A of X.
3. e*-cl(f~[B]) C f~clg(B)] for each subset B of Y.
4. e*-cl(fint(clg(B))]) C f~L[clg(B)] for each subset B of Y.

Proof.
Let A C X, z € e*~cl(A) and V € O(Y, f(z)). By 1 em 1., we get that there exists
U € e*O(X,z) such that f[U] C cl(V). So, UNA # () and 0 # [ 1N fIA] C (V) N fIA]

Therefore, cl(V) N f[A] # 0. Then we have f(x) € clp(f[A]).
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16 B.S. Ayhan - M. Ozkog

Let BCY,so f~[B] C X. By item 2., we get that
fle*-cl(f~1[B))] € elo(f[f~[BI]) € clo(B)
Then, e*-cl(f~1[B]) C f~Yclo(B)].

Let B C Y, then int(clp(B)) C Y. By item 3. we get that

e*-cl(f~tint(clo(B))]) C Helg(int(clg(B)))]
Lemma 2.2(1)

-
= fHel(int(clo(B)))]
Lemma 2.2(2)

c [ elo(B)).
It is obvious from item 7. from Theorem 3.2. O

Corollary 3.1. Let f: X — Y be a function. If f is w.e*.c., then f~1[V] is e*-closed in X for
every 0-closed set' V of Y.

Proof. Let V € 0C(Y), then clg(V) = V. Since f is w.e*.c. and, taking into consideration the
item 3. from Theorem 3.4, we get that e*-cl(f~1[V]) C fYclp(V)] = f~1[V] and, therefore,
F1V] € eC(X). 0

Corollary 3.2. Let f: X — Y be a function. If f~Yclo(B)] is e*-closed in X for every subset
B of Y, then [ is w.e*.c.

Proof. Let B CY, by hypothesis we get that f~1[cly(B)] € e*C(X). So,
e*-cl(f7H[B]) C e*-cl(f [elo(B)]) = £~ [clo(B)]

Then f is w.e*.c. by item 3. from Theorem 3.4. O

Theorem 3.5. Let X and Y be two topological spaces, and f: X — 'Y a function. If the graph
function g : X — X XY of f, defined by g(x) = (x, f(z)) for each x € X, is w.e*.c., then f is

w.e*.c.

Proof. Let x € X and V € O(Y, f(x)), so X x V € O(X xY,g(zx)). Since g is w.e*.c., then
there exists U € e*O(X, x) such that g[U] C cl(X x V) = X x (V) and, therefore, there exists
U € e*O(X, z) such that f[U] C cl(V). O

Corollary 3.3. If in addition X is reqular, then the converse of Theorem 3.5 is true.

Proof. Let x € X and W € O(X x Y,g(z)), then there exists U; € O(X) and V € O(Y)
such that g(x) € U; x V. C W. Since f is w.e*.c., then there exists Uy € e*O(X, ) such that
f[U2] C cl(V). By the other hand, X is regular and, therefore, O(X) = §O(X) C aO(X). Now,
taking into consideration the Lemma 2.3 and defining U := U; N Uy € e*O(X, z), we get that
glU] € el(7). O
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4 Some fundamental properties

Lemma 4.1. If f : X = Y is w.e*.c. and g : Y — Z is continuous, then the composition
gof:X — Z isw.e*.c

Proof. Let # € X and W € O(Z,go f(z)). Since g is continuous, then g=1[W] € O(Y, f(x)).
Now, since f is w.e*.c., we get that there exists U € e*O(X, ) such that

(9o HIU]C glel(g™' [W])] € cl(W).

O

Lemma 4.2. Let f: X — Y be an open §-continuous surjection and g : Y — Z a function. If
gof:X — Z isw.e*.c., then g is w.e*.c.

Proof. Let V € O(Z). Since g o f is w.e*.c., and taking into consideration the item . from
Theorem 3.2, we get that

(9o /)7HV] C cl(int(cls((g o f)~ [cl(V)]))) = cl(int(cls(f~ [~ [cl(V)]]))

Since f is d-continuous, and taking account the Lemma 2.5, we obtain that

(go )MV = [ g V] C el(int(f~ els (g~ [l (V)]]))

Now, since f is surjection, we get that

g V] C flel(int(f~ els(g™ [ (V)])]))]
bemma 22t (int (fVels (g~ el(V)])])]
PRE ds(flint (s (g~ AV
f is open

cls (int(f[f~[els (g~ [l (V)DI])
cls(int(cls(g (V)
Lemma 2.2(1)

= cl(int(cls(g~ [l (V)])))-

Then g is w.e*.c. by item 1. from Theorem 3.2. O

f is surjection

Let {X, :a € I} and {Y, : a € I} be any two families of topological spaces with the same
index set I. The product space of {X, : a € I} (resp. {Y, : a € I'}) is simply denoted by [] X,
acl
(resp. ][ Ya). Let fo : Xo — Y, be a function for each o € I. Let f: [[ Xo — ][] Yo be the
acl aecl ael
product function defined as follows: f({zs}) = {fa(za)} for each {x,} € [] X4. The natural
acl
projection of [] X, (resp. ][ Ya) onto Xg (resp. Y3) is denoted by pg : [[ Xo — Xp (resp.
ael a€el acl
qs : H Y. — YB)'
ael
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n n
Lemma 4.3. Let A, be a subset of X, for each a € I and A = ] Aa, X [] Xo a nonempty
i=1

i= aFo;

subset of ] Xa, where n is a positive integer. Then A € e*O ( I Xa> if and only if Ay, €
ael aecl
e*0(X,,) for eachi=1,2,...,n.

n

Proof. Let a € I and A =[] Ao, X [[ Xa, then
i=1 aFa,

cl(int(cls(A))) = cl <int <015 (]_n[l Ag, X f[ »Xa>>>
Lemma 24— 0 [ int |el 1 A, cl 1 X
(el <1 ) )

=1 aFa;
O
Theorem 4.1. If f, : X, — Y, is w.e*.c. for each o € I, then f: [] Xoa = [] Ya is w.e*.c.
a€cl a€el
Proof. Let x = {za}aecr € [ Xaand W € O([] Ya, f(z)), then there exists J = {a1,aa,...,an} C
acl ael
I. Defining
V., = V%'GO(Y%) , aed
@ Y, , aédJ
we get that [[ Vo, € O(]] Ya, f(z)) and ] Vo € W. Since, for all « € I, f, is w.e*.c., then
ael ael ael
there exists Uy, € €*O(Xa,2q) such that fo[Us] C cl(V,). Now, defining U := [] Uy, x [] Xa
j=1 adJ
and taking into consideration the Lemma 4.3, we get that U € e*O( [[ Xa, ) and, therefore
acl
FIOVS T fo [Uay] % TT Yo S JL ¢ (Vay) x [ Yo € (W)
j=1 agJ j=1 agJ
O
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Corollary 4.1. If in addition [] X, is reqular, then the converse of Theorem 4.1 is true.
acl

Proof. Let f be w.e*.c. and B € I. Since g is continuous, and taking into consideration the
Lemma 4.1, we get that gg o f is w.e*.c. Besides, fgopg = gg o f and therefore

faoppis w.e”.c (3)

By the other hand [] X, is regular, then
acl

pg is continuous < pg is d-continuous (4)

So, by equations 3 and 4 and taking into consideration the Lemma 4.2, we get that fg is w.e*.c.
O

Theorem 4.2. If f: X - Y isw.e*.c. and g: X = Y isw.a.c. and Y is Urysohn, then the set
A={z e X : f(x) =g(z)} is e*-closed in X.

Proof. Let = ¢ A, then f(x) # g(z). As Y is Urysohn, then there exists V € O (Y, f(z)) and
W € O (Y, g(x)) such that cl(V)Nel(W) = 0. Since f is w.e*.c. and g is w.a.c., then there exists
G € e*O(X,z) and H € aO (X, z) such that f[G]Ng[H] C (V) Ncl(W) = 0. Now, defining
U := GN H and taking into consideration the Lemma 2.3, we get that U € ¢*O (X, z) and
flUINglU] C fIGINg[H] = 0. So, U € e*O (X, x) and U N A = (. Therefore = ¢ e*-cl(A). O

Theorem 4.3. If f: X = Y is a w.e*.c. surjection and X is e*-connected, then Y is connected.

Proof. Suppose that Y is not connected, then there exists V,W € 7\ {#} such that VW =0
and VUW =Y, therefore VW € CO(X)\ {0}. Since f is w.e*.c., and taking into consideration
the item 7. from Theorem 3.2, we get that

VI C etnt(f 7 [el(V)]) = e™-int(fH[V])

FHW] C et (f7H el (W)]) = e™-int(f~1[W])

Also, f7Y[VNW] =0 and f~}[VUW] = X. But f is surjection and, therefore, we get that
V] W] € e O(X) \ {0} with

AVINf W] =0 and fH[VIU T W] = X
O

Corollary 4.2. If f : X — Y is an a.e*.c. surjection and X is e*-connected, then'Y is connected.

Proof. Tt is obvious from the fact that almost e*-continuity implies weakly e*-continuity. O
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